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Available online 12 May 2015AbstractGeomaterials are known to be non-associated materials. Granular soils therefore exhibit a variety of failure modes, with diffuse or localized
kinematical patterns. In fact, the notion of failure itself can be confusing with regard to granular soils, because it is not associated with an
obvious phenomenology. In this study, we built a proper framework, using the second-order work theory, to describe some failure modes in
geomaterials based on energy conservation. The occurrence of failure is defined by an abrupt increase in kinetic energy. The increase in kinetic
energy from an equilibrium state, under incremental loading, is shown to be equal to the difference between the external second-order work,
involving the external loading parameters, and the internal second-order work, involving the constitutive properties of the material. When a
stress limit state is reached, a certain stress component passes through a maximum value and then may decrease. Under such a condition, if a
certain additional external loading is applied, the system fails, sharply increasing the strain rate. The internal stress is no longer able to balance
the external stress, leading to a dynamic response of the specimen. As an illustration, the theoretical framework was applied to the well-known
undrained triaxial test for loose soils. The influence of the loading control mode was clearly highlighted. It is shown that the plastic limit theory
appears to be a particular case of this more general second-order work theory. When the plastic limit condition is met, the internal second-order
work is nil. A class of incremental external loadings causes the kinetic energy to increase dramatically, leading to the sudden collapse of the
specimen, as observed in laboratory.
© 2015 Hohai University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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The notion of failure can be encountered in many fields,
irrespective of the scale considered. This notion is essential in
material sciences where the failure can be investigated on the
specimen scale (the material point). It is also meaningful in
civil engineering with regard to preventing or to predicting the
occurrence of failure on a large scale.
If the definition of failure seemsmeaningful in some cases, at
least from a phenomenological point of view, this is not always* Corresponding author.
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With regard to a granular assembly on a microscopic scale,
failure might be related to the contact opening between initially
contacting grains. However, the kinematic investigation of
granular materials, along any given loading path, reveals that a
large fraction of the contacts open without any visible failure
pattern observed on the macroscopic scale. Thus, the usual view
of failure as the breakage of a given material body into two
pieces cannot be applied to complex, divided materials made up
of an assembly of elementary particles or sub-systems described
as approximately non-breakable.
For this reason, a mathematical definition of failure has
emerged for solid materials. This definition was progressively
built upon the plasticity theory, and developed early in theThis is an open access article under the CC BY-NC-ND license (http://
Fig. 1. Typical undrained triaxial behavior of loose sands.
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that the external stress applied cannot be increased, and that
finite strains may develop and progress in a constant stress
state.
For rate-independent materials, before failure occurrence
along a given loading path, a unique strain state exists under a
given external stress applied to the materials. This mathe-
matical definition, applied to the case of a material point, leads
to the following equations:
_si ¼ 0
N 0ijDj ¼ 0 ð1Þ
where s is the Cauchy stress tensor, D is the strain rate tensor,
and N0 is the tangent stiffness operator. The constitutive
behavior for this material point is defined by the incremental
constitutive relation _si ¼ N 0ijDj between the strain rate and a
suitable objective time derivative of the Cauchy stress
expressed with two six-component vectors D and s (Darve,
1990; Wan et al., 2011), which requires that
detN0 ¼ 0 ð2Þ
Eq. (2) is the failure criterion, and the equation N 0ijDj ¼ 0
corresponds to the associated failure rule. The failure rule
gives the strain rate in different directions once failure has
occurred. It should be emphasized that the magnitude of the
strain rate remains unknown, and only the direction is deter-
mined, in accordance with the kernel of the tangent stiffness
operator N′.
Basically, the plastic surface splits the stress space into two
parts: the inner part and outer part. The inner part (plastic
domain) includes the stress states that can be reached by the
materials. The stress states located on the plastic surface are
therefore referred to as the stress limit states. The classical
theory states that failure occurs in a given stress state which is
located on the plastic surface. According to this theory, no
failure mode is expected to occur in a mechanical state inside
the plastic surface.
One famous counter-example is the liquefaction of loose
sands along axisymmetric isochoric triaxial paths (Castro,
1969; Lade, 1992; Darve, 1990). During this test, the vol-
ume of the specimen is kept constant (isochoric conditions),
and a constant axial displacement rate is imposed. This
experiment shows that the curve giving the changes in the
deviatoric stress q, defined as the difference between the axial
stress s1 and the lateral stress s3, against the mean effective
pressure p0 passes through a maximum value, as shown in
Fig. 1. If the test is strain-controlled by an imposed constant
axial strain rate, the test can be pursued beyond the deviatoric
stress peak until the collapse of the specimen: both the
deviatoric stress q and the mean effective pressure p0 decrease
and tend toward zero. This is the well-known liquefaction
phenomenon. Otherwise, when the deviatoric stress peak is
reached, if an infinitesimal axial load is added, i.e., the strain
control is replaced with a stress control, then a sudden failure
occurs. Clearly, such experimental evidence evokes the notion
of failure. According to the classical theory, the fact that thedeviatoric stress peak (point P in Fig. 1) remains strictly inside
the plastic domain means that no failure is supposed to occur
at this point. However, the experiment shows that a proper
loading control (namely, a stress control) can cause a sudden
failure, leading to the collapse of the specimen.
As a consequence, the classic theory is not general enough,
and a variety of failure modes may finally occur strictly within
the plastic surface. Plastic failure, detected by Eq. (2), is a
particular failure mode. Other failure modes may be encoun-
tered as well before the plastic limit is reached (such as the
failure mode occurring at point P in Fig. 1). The detection of
these failure modes requires a novel framework, which should
lead to a different criterion from that given in Eq. (2).
Before proceeding with a description of the novel frame-
work's construction, we have to propose a clear definition of
failure based on phenomenological arguments. The weakness
of the classical theory lies in the fact that it is not based on a
physical definition of failure, but rather on a mathematical
concept of the stress limit state. The approach presented in this
paper allows the recovery of the notion of a limit state in a
broader way, as a consequence of the theory, but not as a basic
definition.
As far as non-viscous materials are concerned, we conceive
that failure is related to a transition from a quasistatic regime
toward a dynamic regime, giving rise to a sudden acceleration
of the material points: the kinetic energy of the system evolves
from a nil value to a strictly positive one. Thus, the failure is
not a state, but a transition (bifurcation) from a quasistatic
regime with a nil value of kinetic energy toward a dynamic
regime with a non-zero value of kinetic energy. The failure
occurs in a given mechanical state, which will be described as
being potentially unstable: an increase in kinetic energy may
take place under the loading conditions (Nicot et al., 2009,
2012).
In conclusion, the following definition around the notion of
failure can be proposed: a material point in a given mechanical
(stressestrain) state after a given loading history is described
as being mechanically unstable as loading conditions lead to a
bifurcation from a quasistatic regime toward a dynamic
regime. This transition corresponds to a failure mode of the
material.
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section, as it related to a transition (bifurcation) froma quasistatic
regime toward a dynamic regime. Inwhat follows, we investigate
the conditions in which the kinetic energy of a non-viscous
material system, in equilibrium at a given time, may increase.
For this purpose, a system made up of a given material,
with a volume V0 and a surface boundary S0, initially in a
configuration C0 (reference configuration), is considered. With
a loading history, the system is in a strained configuration C,
with a volume V and a surface boundary S, in equilibrium
under a prescribed external load. Each material point in the
volume V0 is transformed into a material point in the volume V
(Fig. 2). All the material points in the volume V0 are displaced,
along with the deformation of their geometrical properties,
including the surface vector, area, and volume. During this
transformation, the material is likely to undergo rigid body
motion, along with pure strain induced by stretching and
spinning deformations. If large amounts of strain take place,
both the initial configuration C0 and current configuration C
cannot be confused.
We introduce the transformation c relating each material
point x of the current configuration C to the corresponding
material point X of the initial configuration C0, with x¼c(X ).
The continuity of the material ensures that c is bijective. By
means of the transformation, any field ~gðXÞ of the initial po-
sition X can be transformed into the field g(x) of the current
position, with ~gðXÞ ¼ gðxÞ.
As c is bijective, the Jacobian determinant J of the tangent
linear transformation ~F, with ~Fij ¼ vxi=vXj, is strictly positive. ~F
is a function of the positionX. The displacement fields ~uðXÞ at the
material point in the initial configuration and u(x) at the material
point in the current configuration are defined by the relation
x ¼ cðXÞ ¼ X þ uðxÞ ¼ X þ ~uðXÞ. Thus, ~Fij ¼ dij þ v~ui=vXj,
and _~Fij ¼ v _~ui=vXj, where dij is the Kronecher symbol.
The kinetic energy of the system of configuration C, in
equilibrium at time t, is given by the energy conservation








dV ð3ÞFig. 2. Transformation of a material system and surfwhere _Ec represents the kinetic energy rate of the system. It is
convenient to express the integrals in Eq. (3) with respect to
the initial configuration by using the transformation c.
Recalling that dV ¼ JdV0, and using Nanson's formula,
ndS ¼ Jð~F1Þtn0dS0, which relates the current surface vector
ndS to the corresponding surface vector n0dS0 in the initial
configuration, Eq. (3) is written as follows:
_EcðtÞ ¼ !
S0


















where P denotes the Piola-Kirchoff stress tensor of the first
kind, and P ¼ J~sð~F1Þt.
The advantage of the formulation given in Eq. (5) is that all
integrals are written with respect to a fixed domain. Thus,
differentiation of Eq. (5) gives, after simplification (Nicot and
Darve, 2007; Nicot et al., 2007), the following:
€EcðtÞ ¼ !
S0






where s¼P,n0 denotes the stress distribution applied to the
initial (reference) configuration. Furthermore, for any time
increment Dt, the second-order Taylor expansion of the kinetic
energy reads





As the system is in an equilibrium state at time t, _EcðtÞ ¼ 0.
Eq. (7) therefore reads
€EcðtÞ ¼ 2EcðtþDtÞ EcðtÞðDtÞ2 þ oðDtÞ ð8Þ
Combining Eqs. (6) and (8), and ignoring the o(Dt) term,
finally yieldace vectors of initial and current configurations.














Eq. (9) introduces explicitly the so-called internal second-
order work that is expressed through a semi-Lagrangian
formalism as follows (Hill, 1958):




The terminology of the internal second-order work is
justified by the fact that Eq. (10) introduces the internal stress
and strain variables P and ~F. The first term !
S0
_sj _~uidS0 on the
right-hand side of Eq. (9) involves both stresses and dis-
placements acting on the boundary of volume V0. This second-
order boundary term is therefore an external second-order
work, and will be denoted hereafter as Wext2 .
Thus, for the system in an equilibrium configuration at time
t, Eq. (9) indicates that the increase in the kinetic energy of the
system, over a small time range from t to tþDt, can be ob-
tained by




W ext2 W int2
 ð11Þ
In particular, when the internal second-order work is nil,
any loading condition, such that Wext2 > 0, ensures that
Ec(tþDt)Ec(t) > 0: an outburst in kinetic energy is expected.
As an illustration, examples will be given in sections 3 and 4.2.2. Formulation on a small scaleFig. 3. Parallelepiped specimen and definition of axes.The particularization of this theoretical framework to the
case of homogeneous material specimens is worth mentioning,
because it corresponds to the laboratory specimen scale.
Parallelepiped-like specimens subjected to a prescribed force
or displacement on each side surface, directing both stress and
strain fields, are examined. Investigating this elementary scale
can be useful in the interpretation of the derived experimental
results. Material specimens are considered homogeneous when
both strain and stress fields are macro-homogeneous, in the
sense given by Hill (1967): the external forces applied to the
boundary of the specimen are derived from the average stress
tensor, and the displacements of each point on the boundary
are derived from the average strain tensor. When such condi-
tions are met, the homogenous specimen is also referred to as
a representative element volume (REV).
Strictly speaking, a homogeneous specimen is not a mate-
rial point, but actually a structural system with boundary
conditions. As an illustration regarding granular materials, we
can mention the fluctuating motion of grains that may exist
even though the boundary conditions are kept constant. On
average, over the whole specimen, the mechanical imbalance
of grains is nil, but locally it is not nil. However, thanks to the
macro-homogeneity, both strain and stress states are fully
characterized by forces and displacements measured on the
boundary.Let a parallelepiped specimen be considered. Each side
face i (i¼1, 2, 3) admits a normal vector Ni that coincides with
the direction of velocity vi of a fixed reference frame. The
initial area of face i is denoted by Ai, and the initial length of
the corresponding side is denoted by Li, as shown in Fig. 3.
The subscript 1 refers to the axial direction, whereas the
subscripts 2 and 3 refer to the two lateral directions perpen-
dicular to the axial direction (Fig. 3). When a static condition
is assigned to face i, it is convenient to introduce a resultant
external force fi acting on this face, which is set to be normal
to the face considered. The uniform external Lagrangian stress
vector distribution s0i acting on face i related to fi is also
introduced: s0i ¼ fi=Ai. The displacement of each side face i,
along the direction xi, is denoted by Ui. No tangential
displacement is assumed to take place. When a kinematic
condition is assigned to face i, the resultant external force fi (or
the stress distribution s0i) acting on this side corresponds to the
external loading that must be applied to produce the prescribed
displacement Ui.
In these conditions, the displacement ~u of any point









241þU1=L1 0 00 1þU2=L2 0
0 0 1þU3=L3
35 ð13Þ
Then, we have, under homogeneous conditions,
Wext2 ¼ _f 1 _U1 þ _f 2 _U2þ _f 3 _U3 ð14Þ




dV ¼ _P11 A1 _U1þ _P22 A2 _U2þ _P33 A3 _U3
ð15Þ
Fig. 4. Internal deviatoric stress versus axial displacement obtained
from undrained triaxial test.
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_PijdV0=V0. Finally, combining Eqs. (11),
(14), and (15) leads to









Eq. (16) indicates that the increase in kinetic energy, from
an equilibrium state, is basically related to the imbalance be-
tween the external force rate and the internal stress rate. The
side face i of the specimen is subjected to the force rate _f i on
the external side, and to the force rate _PiiAi, directed by the
internal stress, on its internal side. When a mechanical state is
reached, in the continuum mechanics sense, imbalances may
exist locally, but on average, the equilibrium state is reached;
the external force rate equals the internal stress rate, i.e., _f i ¼
_PiiAi on face i. In this case, we verify, according to Eq. (16),
that the kinetic energy of the system does not evolve.
It is essential to distinguish displacements and forces acting
on the boundary of the specimen, with strain and stress acting
within the specimen. During a quasistatic evolution of the
specimen, along successive equilibrium states, the internal
stress tensors within the specimen derived from internal forces
applied to the sides are balanced with the external forces. This
is sound until the specimen fails: if inertial effects take place,
and the external stress is not balanced by the internal stress, a
heterogeneous strain field may develop within the specimen.
3. Interpretation of diffuse failure along undrained
triaxial loading paths
A homogeneous, parallelepiped specimen is considered
throughout this section (Fig. 3). The loading applied to the
side face i of this specimen is supposed to occur in the normal
direction. Each face i is subjected to a displacement Ui along
the normal vector Ni, and the resultant force fi is also oriented
along Ni. Neither tangential force nor shear strain is directed
on the face. The Piola-Kirchoff stress tensor P is therefore
diagonal. The same holds for the tensor _~F, which contains only
diagonal terms, i.e., _~Fii ¼ v _~ui=vXi ¼ _Ui=Li. Thus, it is
convenient to replace the components _Pii and
_~Fii of diagonal
tensors _P and _~F with components _Pi and
_~Fi , respectively,
such that _Pi ¼ _Pii , and _~Fi ¼ _~Fii.
In the axisymmetric undrained triaxial test, both the axial
displacement rate ( _U1 > 0) and the volume of the specimen are
kept constant. The current volume rate _V is given by the integral
_V ¼ !
V0





















is the surface boundary of the parallelepiped spec-
imen. Axisymmetric conditions with respect to axial direction
mean that U2/L2 ¼ U3/L3 and P2 ¼ P3 (or f2/A2 ¼ f3/A3).
Noting that A2 ¼ L1L3 and A3 ¼ L1L2, the relation U2/L2 ¼
U3/L3 is equivalent to U2A2 ¼ U3A3, so that
_V ¼ A1 _U1þ 2A3 _U3 ð18Þ
Thus, the isochoric condition reads as follows:
A1 _U1 þ 2A3 _U3 ¼ 0 ð19Þ
The experimental curve from the undrained triaxial test, as
shown in Fig. 4, giving the evolution of the internal deviatoric
stress (qP ¼ P1P3) versus the axial displacement, passes
through a peak for sufficiently loose specimens, where point P
shows the peak qP, and point M is in the softening regime.
This is reported in abundant literature (Castro, 1969; Lade and
Pradel, 1990; Lade, 1992; Biarez and Hicher, 1994; Chu et al.,
2003). With a strain loading control ( _U1 > 0 and _V ¼ 0), the
response of the specimen follows a quasistatic evolution,
passing through a succession of equilibrium states: Pi ¼ fi/Ai.
The curve in Fig. 4 can be given in terms of the external
deviatoric force qf ¼ f1/A1f3/A3.
Let us focus on the deviatoric stress peak (point P). At this
equilibrium point, the internal stress leads to axial stress bP1
and lateral stress bP3 on the boundary of the specimen, where
the superscript ^ represents the peak value. Now, let us
imagine that an additional small amount of deviatoric loading
Dqf is applied to the specimen at time t, over a time range Dt:
_qf ¼ Dqf =Dt. This loading causes the system to evolve in such
a way that _U1 > 0. Under such a condition, the internal
deviatoric stress qP cannot exceed the peak valuebqP ¼ bP1  bP3 ¼ bf 1=A1  bf 3=A3. Precisely at the peak,
_qP ¼ _P1  _P3 ¼ 0.
As _V ¼ 0, then 2A3 _U3 ¼ A1 _U1. Eq. (16) becomes











which yields, as _qP ¼ 0, the following:













At time t, the system is at rest, with Ec(t) ¼ 0. Thus,
Ec(tþDt) is strictly positive. At the peak of qP, under the ef-
fect of an additional deviatoric loading Dqf, the specimen's
kinetic energy increases from zero to a strictly positive value
Dqf A1 _U1Dt=2 over the time interval [t, tþDt]. The failure
mechanism of the specimen is initiated at the same time that
the internal second-order work vanishes. In fact, the internal
deviatoric stress qP within the specimen no longer balances
the external deviatoric force qf: qf increases from bqf tobqf þ Dqf , whereas qP follows a constitutive path and de-
creases from the peak value bqP ¼ bP1  bP3 along the
descending branch. The unbalanced stress causes the dynamic
response of the specimen, characterized by a strictly positive
value of Ec(tþDt) in Eq. (21). This is exactly what is observed
experimentally (Castro, 1969; Lade and Pradel, 1990; Lade,
1992; Chu et al., 2003; Darve et al., 2004) and numerically
when using a discrete element method (Sibille et al., 2008;
Darve et al., 2007).
4. Plastic limit state and second-order work theory
The plastic surface corresponds to a set of limit states
within the stress space. Whatever loading path is considered,
the stress state cannot overpass the plastic surface. Let us
consider a drained triaxial loading path. A constant axial
displacement rate _U1 is prescribed, along with a constant
lateral force ( f2 ¼ f3). For dense specimens, the curve from
drained triaxial test, as shown in Fig. 5, giving the evolution of
f1 (or P1 ¼ f1/A1) versus U1, passes through a peak, and then
tends toward a plateau. Using this loading mode, the response
of the specimen follows a quasistatic evolution. Thus, the
external forces applied to each face are balanced by the in-
ternal stresses: fi ¼ PiAi. Using this loading mode, the axial
response of the specimen can be analyzed either in terms of
the external force f1 or in terms of the internal stress P1.
Before the peak, along the ascending branch, the internal
second-order work can be expressed asW int2 ¼ A1 _P1 _U1, and is
therefore strictly positive.Fig. 5. Axial stress versus axial displacement obtained from drained
triaxial test.Let us focus on the axial stress peak (point P). At this point,
an external axial force bf 1 is applied to the specimen, while the
lateral force (f2 ¼ f3) is kept constant. Now, let us imagine that
an additional small amount of axial loading Df1 is applied to the
specimen at time t, over a time range Dt: _f 1 ¼ Df1=Dt. This
loading causes the system to evolve, in a way such that _U1 > 0.
Under such a condition, the internal axial stress P1 cannot
exceed the peak value bP1 ¼ bf 1=A1. Precisely at the peak,
_P1 ¼ 0. As a consequence, Eq. (16) yields the following:














EcðtþDtÞ EcðtÞ ¼ 1
2
Df1 _U1Dt ð23Þ
At time t, the system is at rest, with Ec(t) ¼ 0. Thus,
Ec(tþDt) is strictly positive. The specimen's kinetic energy
increases from zero to a positive value Df1 _U1Dt=2 over the
time interval [t, tþDt]. The internal axial stress P1 within the
specimen no longer balances the external axial force f1: with
the increase of f1, P1 follows a constitutive path and decreases
from bP1 along the descending branch. The unbalanced axial
stress is responsible for the dynamic response of the specimen,
characterized by a strictly positive value of Ec(tþDt) in
Eq. (23).
Moreover, the failure mechanism of the specimen is initi-
ated when the plastic limit state is reached, with





internal second-order work is therefore nil.
Thus, the plastic limit theory appears to be a special situ-
ation of a more general second-order work theory. Failure can
occur when the plastic limit condition is met. This situation is
properly described by the second-order work theory (Darve
et al., 2004; Nicot et al., 2009). However, this theory states
that failure modes also exist and can be encountered before the
plastic limit is reached. The test along the undrained triaxial
loading path illustrates this situation perfectly well.
5. Closing remarks
This paper has investigated the issue of failure in rate-
independent materials. Basically, the occurrence of failure is
defined by an abrupt increase in kinetic energy. Starting from
this physical evidence, the approach developed in this paper is
based on energy conservation, leading to a basic equation that
introduces both external and internal second-order works. The
increase in kinetic energy from an equilibrium state, under
incremental loading, is shown to be equal to the difference
between the external second-order work, involving the
external loading parameters, and the internal second-order
work, involving the constitutive properties of the material.
The purpose of this study was to investigate how the external
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order work, leading to an increase in kinetic energy. The
mechanical reason for this involves a distinction between the
internal stress within the material and forces or stresses
applied to the boundary of the system. When a stress limit
state is reached, a certain stress component passes through a
maximum value and then may decrease. This feature corre-
sponds to a vanishing or a negative value of the internal
second-order work. At this point, or along the descending
branch, if a certain additional external loading is applied, the
system fails, sharply increasing the strain rates. The internal
stress no longer balances the external stress, leading to a dy-
namic response of the specimen.
This theoretical framework was applied to the well-known
undrained triaxial test for loose soils. Although the sudden
collapse observed after the deviatoric stress peak remains
unclarified by the classic theory for the plastic limit state, the
second-order work theory is able to describe such an event
perfectly. In addition, the plastic limit theory appears to be a
particular case of this more general second-order work theory.
When the plastic limit condition is met, the internal second-
order work is nil. Thus, a class of incremental external load-
ings exists that causes the kinetic energy to increase
dramatically.
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